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MAHLER MEASURES AS LINEAR COMBINATIONS OF L-VALUES OF
MULTIPLE MODULAR FORMS
DETCHAT SAMART
Abstract. We study the Mahler measures of certain families of Laurent polynomials in two
and three variables. Each of the known Mahler measure formulas for these families involves
L-values of at most one newform and/or at most one quadratic character. In this paper,
we show, either rigorously or numerically, that the Mahler measures of some polynomials
are related to L-values of multiple newforms and quadratic characters simultaneously. The
results suggest that the number of modular L-values appearing in the formulas significantly
depends on the shape of the algebraic value of the parameter chosen for each polynomial.
As a consequence, we also obtain new formulas relating special values of hypergeometric
series evaluated at algebraic numbers to special values of L-functions.
1. Introduction
For any Laurent polynomial P ∈ C[X±11 , . . . , X±1n ], the Mahler measure of P is defined by
m(P ) =
∫ 1
0
· · ·
∫ 1
0
log |P (e2piiθ1, . . . , e2piiθn)| dθ1 · · · dθn.
(In some parts of the literature, m(P ) is called the logarithmic Mahler measure of P , but
throughout this paper we shall omit the term logarithmic.) In the univariate case, the Mahler
measure can be calculated quite easily with the help of Jensen’s formula. However, there
seems not to be a general formula for Mahler measures of randomly chosen multivariate
polynomials, and it is still unclear what are the precise ways that Mahler measures are
related to the polynomials. It was Deninger [7] who first used the Bloch-Beilinson conjectures
to predict that Mahler measures of certain polynomials are related to special values of L-
functions. In particular, he conjectured that the following formula holds:
m(x+ x−1 + y + y−1 + 1) =
15
4π2
L(E, 2) = L′(E, 0),
where E is the elliptic curve of conductor 15 defined by the projective closure of the zero
locus of x + x−1 + y + y−1 + 1. This formula had been conjectural for years before being
proved by Rogers and Zudilin [24].
To consider more general situations, we let
Pk = x+ x
−1 + y + y−1 + k,
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where k ∈ C. It was verified numerically by Boyd [5] that, for many integral values of
k 6= 0,±4, if Ek is the elliptic curve over Q determined by the zero locus of Pk, then
(1.1) m(Pk)
?
= ckL
′(Ek, 0),
where ck is a rational number of small height. (Here and throughout
?
= means that they are
equal to at least 25 decimal places.) Note that by the modularity theorem the relation (1.1)
is equivalent to
m(Pk)
?
= ckL
′(hk, 0),
where hk is the newform of weight 2 associated to Ek. (In most situations, we will be dealing
with L-values of newforms rather than those attached to algebraic varieties.) Although
Boyd’s results seem to be highly accurate, rigorous proofs of these formulas are quite rare
(see Table 1 below). Inspired by these results, Rodriguez Villegas [19] proved thatm(Pk) can
be expressed in terms of Eisenstein-Kronecker series, and for certain values of k they turn
out to be related to special values of L-series of elliptic curves with complex multiplication.
For instance, he proved that
m(P4
√
2) = L
′(E4√2, 0) = L
′(f64, 0),(1.2)
m
(
P 4√
2
)
= L′
(
E 4√
2
, 0
)
= L′(f32, 0),(1.3)
where f64 and f32 are newforms of weight 2 and level 64 and 32, associated to the elliptic
curves E4
√
2 and E 4√
2
, respectively. He also observed from his numerical data that the relation
(1.1) seems to hold for every sufficiently large k such that k2 ∈ Z. One of the possible reasons
why one needs k to be the square root of a rational number or an integer is that Ek has a
Weierstrass form
y2 = x3 +
k2
8
(
k2
8
− 1
)
x2 +
k4
256
x,
which is defined over Q if k2 ∈ Q. For a complete list of conjectured formulas obtained from
Rodriguez Villegas’s computational experiments, see [19, Tab. 4].
k2 Reference(s)
8, 16∗, 18, 32 [19]
1 [24, 34]
4, 64 [12]
−4,−1, 2 [23, 34]
Table 1. Values of k for which Formula (1.1) is known to be true.
In Section 2 we will deduce formulas for m(Pk) when k =
√
8± 6√2. Indeed, we will
prove that
(1.4) m
(
P√
8±6√2
)
=
1
2
(L′(f64, 0)± L′(f32, 0)) .
Using similar arguments one obtains conjectured formulas in terms of two different L-values
for m(Pk) when k =
√
8± 9√2. Observe that in these cases k2 /∈ Q, so it is not surprising
∗When k = ±4, Ek is a curve of genus 0 and m (Pk) = 2L′(χ−4,−1), where χ−4(n) =
(
−4
n
)
.
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that our results are somewhat different from those of Rodriguez Villegas. In addition, we
consider the Hesse family
Qk = x
3 + y3 + 1− kxy.
The corresponding elliptic curve defined by Qk has a Weierstrass model
y2 = x3 − 27k6x2 + 216k9(k3 − 27)x− 432k12(k3 − 27)2.
This family was also investigated in [19], and it was pointed out that the Mahler mea-
sures of Qk appear to be of the form (1.1) when k is sufficienly large and k
3 ∈ Z, as
hinted by the Weierstrass form given above. On the other hand, we will prove that if
k =
3
√
6− 6 3√2 + 18 3√4, then
m(Qk) =
1
2
(L′(f108, 0) + L′(f36, 0)− 3L′(f27, 0)) ,
where fN is a newform of weight 2 and level N . Remark that, in this case, the elliptic curve
corresponding to Qk is defined over Q
(
3
√
2
)
rather than Q.
In Section 3 we will establish some formulas concerning three-variable Mahler measures.
The author showed in [25] that for many values of k the Mahler measures of the following
Laurent polynomials:
(x+ x−1)(y + y−1)(z + z−1) + k,
(x+ x−1)2(y + y−1)2(1 + z)3z−2 − k,
x4 + y4 + z4 + 1 + kxyz
are of the form
(1.5) m(P ) = c1L
′(g, 0) + c2L
′(χ,−1)
for some CM newform g of weight 3 with rational Fourier coefficients, an odd quadratic char-
acter χ, and c1, c2 ∈ Q. To obtain the formulas of type (1.5), it seems that the chosen value
of k necessarily satisfies similar conditions as observed in the two-variable case. For instance,
for the last family, k must be sufficiently large and k4 ∈ Z. By simple transformation, one
sees that the K3 surfaces corresponding to this family are birational to those defined by the
zero loci of x4+ y4+ z4+xyz+ k−4. When k4 ∈ Q, the K3 surfaces are then defined over Q
and are known to be modular in the sense that their attached L-series coincide with L-series
of weight three cusp forms by a result of Livne´ [13]. Moreover, in the case of singular K3
surfaces, the corresponding cusp forms are CM, and a complete list of them can be found in
[27, Tab. 1]. Therefore, in this particular case, one might expect the Mahler measures to be
related to CM weight three cusp forms. On the other hand, we will give first examples of
Mahler measures of polynomials in this family when k4 are algebraic integers but not rational
integers which reveal similar phenomena as seen in the two-variable case. For example, it
will be proved that when k =
4
√
26856 + 15300
√
3 the following equality is true:
m(x4+ y4+ z4+1+kxyz) =
5
48
(20L′(g12, 0) + 4L′(g48, 0) + 11L′(χ−3,−1) + 8L′(χ−4,−1)) ,
where gN is a newform of weight 3 and level N and χD(n) =
(
D
n
)
.
In Section 4 we give lists of values of k corresponding to singularK3 surfaces in the families
given by the zero loci of (x+x−1)(y+ y−1)(z+ z−1)+k and x4+ y4+ z4+1+kxyz. It turns
out that the Mahler measures of the polynomials defining these singular K3 surfaces are all
conjecturally equal to rational linear combinations of modular and Dirichlet L-values. The
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(conjectural) Mahler measure formulas obtained from numerical computations are illustrated
in Table 4-6 at the end of this paper.
In Section 5 we establish a functional equation of three-variable Mahler measures, which
gives us a five-term relation between the Mahler measures with algebraic arguments. We
also give an explicit example which is related to multiple special L-values. Many parts of
this problem are still wide open and can be done further in several directions.
One of the things that all families mentioned above have in common is that their Mahler
measures can be written in terms of hypergeometric series. Therefore, one can deduce some
interesting hypergeometric evaluations from Mahler measure formulas easily. For instance,
the equality (1.4) implies that
4F3
(
3
2
, 3
2
, 1, 1
2, 2, 2
;−16 + 12
√
2
)
=
4 + 3
√
2
2
(
log(8 + 6
√
2)− (L′(f64, 0) + L′(f32, 0))
)
.
Acknowledgements
The author would like to express his gratitude to Matthew Papanikolas for many helpful
discussions and his continuous encouragement during the period of this work. The author
would also like to thank Mathew Rogers for useful comments on the preliminary version of
this paper and he is indebted to the referee for detailed remarks which help improve many
parts of the manuscript.
2. Two-variable Mahler measures
As mentioned earlier, we will study Mahler measures of the two families with the complex
parameter t, namely
m2(t) := 2m(Pt1/2) = 2m(x+ x
−1 + y + y−1 + t1/2),
m3(t) := 3m(Qt1/3) = 3m(x
3 + y3 + 1− t1/3xy).
It is known that for most values of t the Mahler measures m2(t) and m3(t) can be expressed
in terms of hypergeometric series. Indeed, we have the following result: (See, for instance,
[20, Thm. 3.1].)
Proposition 2.1. Let m2(t) and m3(t) be as defined above.
(i) If t 6= 0, then m2(t) = Re
(
log(t)− 4
t
4F3
(
3
2
, 3
2
, 1, 1
2, 2, 2
;
16
t
))
.
(ii) If |t| ≥ 27, then m3(t) = Re
(
log(t)− 6
t
4F3
(
4
3
, 5
3
, 1, 1
2, 2, 2
;
27
t
))
.
Furthermore, Kurokawa and Ochiai [11] and Lal´ın and Rogers [12] showed that m2(t)
satisfies some functional equations, which enable us to prove and to conjecture new Mahler
measure formulas for some t /∈ Z. Throughout this section, fN denotes a normalized newform
of weight 2 and level N with rational Fourier coefficients.
Theorem 2.2. The following identities are true:
m2(8 + 6
√
2) = L′(f64, 0) + L′(f32, 0),(2.3)
m2(8− 6
√
2) = L′(f64, 0)− L′(f32, 0),(2.4)
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where f64(τ) =
η8(8τ)
η2(4τ)η2(16τ)
∈ S2(Γ0(64)) and f32(τ) = η2(4τ)η2(8τ) ∈ S2(Γ0(32)). (As
usual, let η denote the Dedekind eta function,
η(τ) = q
1
24
∞∏
n=1
(1− qn),
where q = e2piiτ , and let Sk(Γ0(N)) denote the space of cusp forms of weight k and level N .)
Proof. It was proved in [11, Thm. 7] that if k ∈ R\{0}, then
(2.5) 2m2
(
4
(
k +
1
k
)2)
= m2(16k
4) +m2
(
16
k4
)
.
Recall from (1.2) and (1.3) that m2(32) = 2L
′(f64, 0) and m2(8) = 2L′(f32, 0), so we can
deduce (2.3) easily by substituting k = 21/4 in (2.5). On the other hand, one sees from [12,
Thm. 2.2] that the following functional equation holds for any k such that 0 < |k| < 1 :
(2.6) m2
(
4
(
k +
1
k
)2)
+m2
(
−4
(
k − 1
k
)2)
= m2
(
16
k4
)
.
In particular, choosing k = 2−1/4, we obtain
m2(8 + 6
√
2) +m2(8− 6
√
2) = m2(32).
Now (2.4) follows immediately from the known information above. 
Rodriguez Villegas [19, Tab. 4] verified numerically that m2(128)
?
=
1
2
L′(f448, 0) and
m2(2) =
1
2
L′(f56, 0), where f448(τ) = q − 2q5 − q7 − 3q9 + 4q11 − 2q13 − 6q17 − · · · and
f56(τ) = q+2q
5− q7−3q9−4q11+2q13−6q17+ · · · . (In fact, the latter identity was recently
proved by Zudilin [34].) Therefore, letting k = 23/4 in (2.5) and k = 2−3/4 in (2.6) results in
a couple of conjectured formulas similar to (2.3) and (2.4).
Conjecture 2.7. The following identities are true:
m2
(
8 + 9
√
2
)
?
=
1
4
(L′(f448, 0) + L′(f56, 0)) ,
m2
(
8− 9
√
2
)
?
=
1
4
(L′(f448, 0)− L′(f56, 0)) .
We also found via numerical computations the following conjectured formulas:
m2
(
49 + 9
√
17
2
)
?
=
1
2
(L′(f289, 0) + 8L′(f17, 0)) ,
m2
(
49− 9√17
2
)
?
=
1
2
(L′(f289, 0)− 8L′(f17, 0)) ,
where f289(τ) = q−q2−q4+2q5−4q7+3q8−3q9−· · · and f17(τ) = q−q2−q4−2q5+4q7+
3q8− 3q9+ · · · . Observe that we can again employ the identity (2.5) for k = (1+√17)/4 to
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deduce
2m2(17) = m2
(
49 + 9
√
17
2
)
+m2
(
49− 9√17
2
)
?
= L′(f289, 0),
which is equivalent to a conjectured formula in [19, Tab. 4]. A weaker form of these formulas,
namely
m2
(
49 + 9
√
17
2
)
−m2(17) ?= 4L′(f17, 0),
was also briefly discussed in [22, §4].
To study the Mahler measure m3(t), we use the following crucial result, which basically
states that m3(t) can be written in terms of Eisenstein-Kronecker series when t is parame-
terized properly.
Proposition 2.8 (Rodriguez Villegas [19, §IV]). Let t3(τ) = 27 +
(
η(τ)
η(3τ)
)12
, and let F be
the fundamental domain for Γ0(3) with vertices i∞, 0, (1 + i/
√
3)/2, and (−1 + i/√3)/2. If
τ ∈ F , then
m3(t3(τ)) =
81
√
3 Im(τ)
4π2
∑′
m,n∈Z
χ−3(m)(m+ 3nRe(τ))
[(m+ 3nτ)(m+ 3nτ¯ )]2
,
where
∑′
m,n
means that (m,n) = (0, 0) is excluded from the summation.
The remaining part of this section will be devoted to proving the following result:
Theorem 2.9. If t = 6− 6 3√2 + 18 3√4, then
m3(t) =
3
2
(L′(f108, 0) + L′(f36, 0)− 3L′(f27, 0)) ,
where f36(τ) = η
4(6τ) ∈ S2(Γ0(36)), f27(τ) = η2(3τ)η2(9τ) ∈ S2(Γ0(27)), and f108(τ) =
q+5q7− 7q13− q19− 5q25− 4q31− q37+ · · · , the unique normalized newform in S2(Γ0(108)).
Applying Theorem 2.1, Proposition 2.2, and Theorem 2.9, one obtains the following hy-
pergeometric evaluation formulas immediately:
Corollary 2.10. The following identities hold:
4F3
(
3
2
, 3
2
, 1, 1
2, 2, 2
;−16 + 12
√
2
)
=
4 + 3
√
2
2
(
log(8 + 6
√
2)− (L′(f64, 0) + L′(f32, 0))
)
,
4F3
( 4
3
, 5
3
, 1, 1
2, 2, 2
;
63 + 171 3
√
2− 18 3√4
250
)
=
(
1− 3
√
2 + 3
3
√
4
)(
log(6− 6 3
√
2 + 18
3
√
4)
− 3
2
(L′(f108, 0) + L
′(f36, 0)− 3L′(f27, 0))
)
.
To establish Theorem 2.9, we require some identities for L-values of the involved cusp
forms, which will be verified in the following lemmas.
Lemma 2.11. Let f36(τ) be as defined in Theorem 2.9. Then the following equality holds:
L(f36, 2) =
1
2
∑′
m,n∈Z
mχ−3(m)
(m2 + 3n2)2
.
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Proof. First, note that for any τ in the upper half plane η(τ) satisfies the functional equation
η
(
−1
τ
)
=
√−iτη(τ).
Hence it is easily seen that
η
(√−3
3
)
η
(√−3) = 3 14 ,
which implies that t3
(√−3
3
)
= 54. Thus we have from Theorem 2.8 that
m3(54) =
81
4π2
∑′
m,n∈Z
mχ−3(m)
(m2 + 3n2)2
.
On the other hand, Rogers [20, Thm. 2.1, Thm. 5.2] proved that
m3(54) =
81
2π2
L(f36, 2),
whence the lemma follows. 
Lemma 2.12. Let f108(τ) be the unique normalized newform with rational coefficients in
S2(Γ0(108)), and let A = {(m,n) ∈ Z2 | (m,n) ≡ (−1,−2), (2, 1), (1, 0), (−2, 3) mod 6}.
Then
L(f108, 2) =
∑
m,n∈A
m+ 3n
(m2 + 3n2)2
.
Proof. By taking the Mellin transform of the newform, it suffices to prove that
(2.13) f108(τ) =
∑
m,n∈A
(m+ 3n)qm
2+3n2.
Let K = Q(
√−3),OK = Z
[
1+
√−3
2
]
,Λ = (3 + 3
√−3) ⊂ OK , and I(Λ) = the group of
fractional ideals of OK coprime to Λ. Since Λ can be factorized as
Λ =
(
1 +
√−3
2
)
(
√−3)2(2),
any integral ideal a is coprime to Λ if and only if (
√−3) ∤ a and (2) ∤ a. As a consequence,
every integral ideal coprime to Λ is uniquely represented by (m + n
√−3), where m,n ∈
Z, m > 0, 3 ∤ m, and m 6≡ n (mod 2). Let P (Λ) denote the monoid of integral ideals coprime
to Λ.
Define ϕ : P (Λ)→ C× by
ϕ((m+ n
√−3)) =


−χ−3(m)m+ χ−3(n)(3n)− (χ−3(n)m+ χ−3(m)n)
√−3
2
if 3 ∤ n,
χ−3(m)(m+ n
√−3) if 3|n.
Then it is not difficult to check that ϕ is multiplicative, and for each (m + n
√−3) ∈ P (Λ)
with m+ n
√−3 ≡ 1 (mod Λ),
ϕ((m+ n
√−3)) = m+ n√−3.
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Hence we can extend ϕ multiplicatively to define a Hecke Gro¨ssencharacter of weight 2 and
conductor Λ on I(Λ). Now if we let
Ψ(τ) :=
∑
a∈P (Λ)
ϕ(a)qN(a),
then one sees from [18, Thm. 1.31] that Ψ(τ) is a newform in S2(Γ0(108)). Observe that
ϕ((m+ n
√−3)) + ϕ((m− n√−3)) =
{
−χ−3(m)m+ χ−3(n)(3n) if 3 ∤ n,
2χ−3(m)m if 3|n,
so we have
Ψ(τ) =
∑
m,n∈N
3∤m,3∤n
m6≡n (mod 2)
(−χ−3(m)m+ χ−3(n)(3n))qm2+3n2 +
∑
m∈N,n∈Z
3∤m,3|n
m6≡n (mod 2)
χ−3(m)mqm
2+3n2 .
Working modulo 6, one can show that∑
m,n∈N
3∤m,3∤n
m6≡n (mod 2)
(−χ−3(m)m+ χ−3(n)(3n))qm2+3n2 =
∑
m,n∈Z
(m,n)≡(−1,2),(2,1)
(mod 6)
(m+ 3n)qm
2+3n2 ,
and ∑
m∈N,n∈Z
3∤m,3|n
m6≡n (mod 2)
χ−3(m)mqm
2+3n2 =
∑
m,n∈Z
(m,n)≡(1,0),(−2,3)
(mod 6)
mqm
2+3n2
=
∑
m,n∈Z
(m,n)≡(1,0),(−2,3)
(mod 6)
(m+ 3n)qm
2+3n2 .
Consequently, the coefficients of Ψ(τ) are rational, which implies that Ψ(τ) = f108(τ), and
(2.13) holds. (One can check using, for example, Sage or Magma that there is only one
normalized newform in S2(Γ0(108)).) 
Lemma 2.14. Let f27(τ) be as defined in Theorem 2.9, and let B = {(m,n) ∈ Z2 | (m,n) ≡
(1, 0), (−2, 3), (1,−1), (−2, 2), (2,−1), (−1, 2) mod 6}. Then
L(f27, 2) =
∑′
m,n∈B
m+ 3n
(m2 + 3n2)2
.
Proof. As before, we will establish a q-expansion for f27(τ) first; i.e., we aim at proving that
f27(τ) =
∑
m,n∈B
(m+ 3n)qm
2+3n2 .
Recall from [20, §6] that the following identity is true:
(2.15) f27(τ) =
∑
m,n∈Z
(m,n)≡(1,1),(−2,−2)
(mod 6)
(
m+ 3n
4
)
q
m2+3n2
4 .
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Therefore, it is sufficient to prove the following claims, each of which involves only simple
manipulation. (Unless otherwise stated, each ordered pair (a, b) listed beneath the sigma
sign indicates all (m,n) ∈ Z2 such that m ≡ a and n ≡ b (mod 6).)
Claim 1.∑
(1,1)
(
m+ 3n
4
)
q
m2+3n2
4 =
∑
(1,0),(−2,3)
(m+ 3n)qm
2+3n2 +
∑
(2,−1),(−1,2)
(
m+ 3n
2
)
qm
2+3n2 .
Claim 2.∑
(−2,−2)
(
m+ 3n
4
)
q
m2+3n2
4 =
∑
(1,−1),(−2,2)
(m+ 3n)qm
2+3n2 +
∑
(2,−1),(−1,2)
(
m+ 3n
2
)
qm
2+3n2 .
Proof of Claim 1. It is clear that∑
(1,0),(−2,3)
(m+ 3n)qm
2+3n2 =
∑
(1,0),(−2,3)
mqm
2+3n2
=
∑
(1,0),(−2,3)
(
(m+ 3n) + 3(m− n)
4
)
q
(m+3n)2+3(m−n)2
4 , and
∑
(2,−1),(−1,2)
(
m+ 3n
2
)
qm
2+3n2 =
∑
(2,−1),(−1,2)
(
(3n−m) + 3(m+ n)
4
)
q
(3n−m)2+3(m+n)2
4 .
Also, it can be verified in a straightforward manner that
{(m,n) | m ≡ n ≡ 1 (mod 6)} = {(k + 3l, k − l) | (k, l) ≡ (1, 0), (−2, 3) (mod 6)}
⊔ {(3l − k, k + l) | (k, l) ≡ (2,−1), (−1, 2) (mod 6)},
where ⊔ denotes disjoint union, so we obtain Claim 1.
Proof of Claim 2. Let us make some observation first that, by symmetry,∑
(1,−1),(−2,2)
(3m+ 3n)qm
2+3n2 = 0,
so we have that ∑
(1,−1),(−2,2)
(−2m)qm2+3n2 =
∑
(1,−1),(−2,2)
(m+ 3n)qm
2+3n2 .
It follows that
(2.16)
∑
(−1,−1),(2,2)
(m+ 3n)qm
2+3n2 =
∑
(1,−1),(−2,2)
(−m+ 3n)qm2+3n2
=
∑
(1,−1),(−2,2)
(m+ 3n)qm
2+3n2 +
∑
(1,−1),(−2,2)
(−2m)qm2+3n2
= 2
∑
(1,−1),(−2,2)
(m+ 3n)qm
2+3n2 .
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Therefore,
∑
(−2,−2)
(
m+ 3n
4
)
q
m2+3n2
4 =
∑
(−1,−1) (mod 3)
(
m+ 3n
2
)
qm
2+3n2
=
∑
(−1,−1),(2,2)
(2,−1),(−1,2)
(
m+ 3n
2
)
qm
2+3n2
=
∑
(1,−1),(−2,2)
(m+ 3n)qm
2+3n2 +
∑
(2,−1),(−1,2)
(
m+ 3n
2
)
qm
2+3n2 ,
where the last equality comes from (2.16).

Lemma 2.17. The following equality is true:
L(f108, 2)− 3
4
L(f27, 2) =
3
2
∑
m,n∈Z
3∤n
mχ−3(m)
(3m2 + n2)2
.
Proof. Taking the Mellin transform of f27(τ) in (2.15) yields
(2.18) L(f27, 2) = 4
∑
(1,1),(−2,−2)
m+ 3n
(3m2 + n2)2
.
Since χ−3(n) = j iff n ≡ j (mod 3), where j ∈ {−1, 0, 1}, we have that
∑
m,n∈Z
3∤n
mχ−3(m)
(3m2 + n2)2
=
∑
m,n∈Z
3∤m
nχ−3(n)
(m2 + 3n2)2
=
∑
n≡−1 (mod 3)
3∤m
−2n
(m2 + 3n2)2
.
Also, it is obvious that the symmetry of the summation yields
∑
n≡−1 (mod 3)
3∤m
m
(m2 + 3n2)2
= 0.
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Hence, using Lemma 2.12, one sees that
L(f108, 2)− 3
2
∑
m,n∈Z
3∤n
mχ−3(m)
(3m2 + n2)2
=
∑
(−1,−2),(2,1)
(1,0),(−2,3)
m+ 3n
(m2 + 3n2)2
+
∑
n≡−1 (mod 3)
3∤m
3n
(m2 + 3n2)2
=
∑
(−1,−2),(2,1)
(1,0),(−2,3)
m+ 3n
(m2 + 3n2)2
+
∑
n≡−1 (mod 3)
3∤m
m+ 3n
(m2 + 3n2)2
=
∑
(−1,−2),(2,1)
(1,0),(−2,3)
m+ 3n
(m2 + 3n2)2
+
∑
(−2,2),(−2,−1)
(−1,2),(−1,−1)
(1,2),(1,−1)
(2,2),(2,−1)
m+ 3n
(m2 + 3n2)2
=
∑
(1,0),(−2,3)
(1,−1),(−2,2)
(2,−1),(−1,2)
m+ 3n
(m2 + 3n2)2
−
∑
(1,1),(−2,−2)
m+ 3n
(m2 + 3n2)2
= L(f27, 2)− 1
4
L(f27, 2),
where we have applied Lemma 2.14 and (2.18) in the last equality. 
Putting the previous lemmas together, we are now ready to complete a proof of Theo-
rem 2.9.
Proof of Theorem 2.9. Let τ0 =
√−3/9. Then t3(τ0) = 6−6 3
√
2+18 3
√
4. This can be verified
by considering numerical approximation of t3(τ0) and using the following identities:
j(τ) = j(−1/τ), f3(√−27) = 2(1 + 3
√
2 +
3
√
4),
j(τ) =
(f24(τ)− 16)3
f24(τ)
=
t3(τ)(t3(τ) + 216)
3
(t3(τ)− 27)3 ,
where j(τ) is the j-invariant, and f(τ) is a Weber modular function defined by
f(τ) = e−
pii
24
η
(
τ+1
2
)
η(τ)
.
(For references to these identities, see [6, §1], [31, Tab. VI], and [33, §1].) Then we see from
Proposition 2.8 that
m3(t3(τ0)) =
27
4π2
∑′
m,n∈Z
mχ−3(m)
(m2 + n
2
3
)2
=
3
2
(
81
2π2
∑′
m,n∈Z
mχ−3(m)
(3m2 + n2)2
)
=
3
2

 812π2
∑′
m,n∈Z
3|n
mχ−3(m)
(3m2 + n2)2
+
81
2π2
∑
m,n∈Z
3∤n
mχ−3(m)
(3m2 + n2)2


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=
3
2

 92π2
∑′
m,n∈Z
mχ−3(m)
(m2 + 3n2)2
+
81
2π2
∑
m,n∈Z
3∤n
mχ−3(m)
(3m2 + n2)2

 .
Now we can deduce using Lemma 2.11 and Lemma 2.17 that
(2.19) m3(t3(τ0)) =
3
2
(
27
π2
L(f108, 2) +
9
π2
L(f36, 2)− 81
4π2
L(f27, 2)
)
.
Finally, the formula stated in the theorem is merely a simple consequence of (2.19) and the
functional equation(√
N
2π
)s
Γ(s)L(f, s) = ǫ
(√
N
2π
)2−s
Γ(2− s)L(f, 2− s),
where f is any newform of weight 2 and level N with real Fourier coefficients, and ǫ ∈ {−1, 1},
depending on f . (If f ∈ {f27, f36, f108}, then ǫ = 1.) 
In addition to the formula stated in Theorem 2.9, we discovered some other conjectured
formulas of similar type using numerical values of the hypergeometric representation ofm3(t)
given in Proposition 2.1:
m3
(
17766 + 14094
3
√
2 + 11178
3
√
4
)
?
=
3
2
(L′(f108, 0) + 3L′(f36, 0) + 3L′(f27, 0)),
m3(α± βi) ?= 3
2
(L′(f108, 0) + 3L′(f36, 0)− 6L′(f27, 0)),
m3
(
(7 +
√
5)3
4
)
?
=
1
8
(9L′(f100, 0) + 38L′(f20, 0)) ,
m3
(
(7−√5)3
4
)
?
=
1
4
(9L′(f100, 0)− 38L′(f20, 0)) ,
where α = 17766−7047 3√2−5589 3√4, β = 27√3(261 3√2−207 3√4), f100(τ) = q+2q3−2q7+
q9 − 2q13 + 6q17 − 4q19 − · · · , and f20(τ) = η2(2τ)η2(10τ).
It is worth mentioning that the last two Mahler measures above also appear in [9, Thm. 6]
and [23, §4]. More precisely, it was shown that
19m3(32) = 16m3
(
(7 +
√
5)3
4
)
− 8m3
(
(7−√5)3
4
)
,(2.20)
m3(32) = 8L
′(f20, 0).(2.21)
Many of the identities like (2.20) can be proved using the elliptic dilogarithm evaluated at
some torsion points on the corresponding elliptic curve. However, to our knowledge, no
rigorous proof of the conjectured formulas for the individual terms on the right seems to
appear in the literature.
MAHLER MEASURES AS LINEAR COMBINATIONS OF L-VALUES 13
3. Three-variable Mahler measures
From here on, we denote
As := (x+ x
−1)(y + y−1)(z + z−1) + s1/2, n2(s) := 2m(As),
Bs := (x+ x
−1)2(y + y−1)2(1 + z)3z−2 − s, n3(s) := m(Bs),
Cs := x
4 + y4 + z4 + 1 + s1/4xyz, n4(s) := 4m(Cs),
s2(q(τ)) := −
∆
(
τ + 1
2
)
∆(2τ + 1)
,
s3(q(τ)) :=
(
27
(
η(3τ)
η(τ)
)6
+
(
η(τ)
η(3τ)
)6)2
,
s4(q(τ)) :=
∆(2τ)
∆(τ)
(
16
(
η(τ)η(4τ)2
η(2τ)3
)4
+
(
η(2τ)3
η(τ)η(4τ)2
)4)4
,
where ∆(τ) = η24(τ) and q(τ) = e2piiτ . By abuse of notation, we will sometimes write sj(τ)
instead of sj(q(τ)), while they actually represent the same function.
The main result we will show in this section is stated as follows:
Theorem 3.1. The following identities are true:
n4(26856 + 15300
√
3) =
5
12
(20L′(g12, 0) + 4L′(g48, 0) + 11L′(χ−3,−1) + 8L′(χ−4,−1)) ,
n4(26856− 15300
√
3) =
5
6
(−20L′(g12, 0) + 4L′(g48, 0)− 11L′(χ−3,−1) + 8L′(χ−4,−1)) ,
where g12(τ) = η
3(2τ)η3(6τ) ∈ S3(Γ0(12), χ−3), and g48(τ) is the quadratic twist of g12 by
χ−4 and belongs to S3(Γ0(48), χ−3).
Proof. By a result in [25, Prop. 2.1], we have that n4(s) can be expressed as Eisenstein-
Kronecker series when s is parameterized by s4(τ), namely
(3.2) n4(s4(τ)) =
10 Im(τ)
π3
∑′
m,n∈Z
(
−
(
4n2
(m2|τ |2 + n2)3 −
1
(m2|τ |2 + n2)2
)
+ 4
(
4n2
(4m2|τ |2 + n2)3 −
1
(4m2|τ |2 + n2)2
))
for every τ ∈ C such that τ is purely imaginary and Im(τ) ≥ 1/√2. It is clear that s4(τ) can
be rewritten in the form
s4(τ) =
1
f81(2τ)
(
16
f81(4τ)
+
f81(4τ)
f81(2τ)
)4
,
where f1(τ) :=
η
(
τ
2
)
η(τ)
, also known as a Weber modular function. We obtain from [31, Tab. VI]
that
f41(
√−12) = 2 76 (1 +
√
3), f81(
√−48) = 2 196 (1 +
√
3)(
√
2 +
√
3)2(1 +
√
2)2.
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Therefore, after simplifying, we have s4
(√−3) = 26856 + 15300√3, and substituiting τ =√−3 in (3.2) yields
(3.3)
n4(26856 + 15300
√
3) =
10
√
3
π3
∑′
m,n∈Z
(
−
(
4n2
(3m2 + n2)3
− 1
(3m2 + n2)2
)
+ 4
(
4n2
(12m2 + n2)3
− 1
(12m2 + n2)2
))
=
10
√
3
π3
∑′
m,n∈Z
(
2(3n2 −m2)
(m2 + 3n2)3
+
8(m2 − 12n2)
(m2 + 12n2)3
+
4
(m2 + 12n2)2
− 1
(m2 + 3n2)2
)
.
It was proved in [4, Cor. 4.4] that the following identity holds:
(3.4)
9
8
∑′
m,n∈Z
m2 − 3n2
(m2 + 3n2)3
=
∑′
m,n∈Z
(
m2 − 12n2
(m2 + 12n2)3
+
4n2 − 3m2
(3m2 + 4n2)3
)
.
Equivalently, one has that
(3.5)∑′
m,n∈Z
(
2(3n2 −m2)
(m2 + 3n2)3
+
8(m2 − 12n2)
(m2 + 12n2)3
)
=
5
2
∑′
m,n∈Z
m2 − 3n2
(m2 + 3n2)3
+ 4
∑′
m,n∈Z
(
m2 − 12n2
(m2 + 12n2)3
+
3m2 − 4n2
(3m2 + 4n2)3
)
= 5L(g12, 3) + 8L(g48, 3),
where the last equality is a direct consequence of Lemma 2.7 and Lemma 2.12 in [25].
Recall from Glasser and Zucker’s results on lattice sums [8, Tab. VI] that
(3.6)
∑′
m,n∈Z
1
(m2 + 3n2)2
=
9
4
ζ(2)L(χ−3, 2) =
3π2
8
L(χ−3, 2),
∑′
m,n∈Z
1
(m2 + 12n2)2
=
69
64
ζ(2)L(χ−3, 2) + L(χ12, 2)L(χ−4, 2)
=
23π2
128
L(χ−3, 2) +
π2
6
√
3
L(χ−4, 2).
Then we substitute (3.5) and (3.6) in (3.3) to get
n4(26856 + 15300
√
3) =
50
√
3
π3
L(g12, 3) +
80
√
3
π3
L(g48, 3) +
55
√
3
16π
L(χ−3, 2) +
20
3π
L(χ−4, 2).
Finally, the derivative expression follows directly from the functional equations for the in-
volved L-functions.
The second formula can be shown in a similar manner by choosing τ0 =
√−3/2. Although
Weber did not list an explicit value of f1(
√−3) in his book, one can find it easily using the
identity f1(2τ) = f(τ)f1(τ) and the fact that f(
√−3) = 2 13 . Therefore, we have s4(τ0) =
MAHLER MEASURES AS LINEAR COMBINATIONS OF L-VALUES 15
26856− 15300√3, and
n4(s4(τ0)) =
20
√
3
π3
∑′
m,n∈Z
(
8(3m2 − 4n2)
(3m2 + 4n2)3
+
2(m2 − 3n2)
(m2 + 3n2)3
+
1
(m2 + 3n2)2
− 4
(3m2 + 4n2)2
)
=
20
√
3
π3
(−5L(g12, 3) + 8L(g48, 3)− 11π
2
32
L(χ−3, 2) +
2π2
3
√
3
L(χ−4, 2)),
where we again use (3.4), (3.6), and the identity
2L(χ12, 2)L(χ−4, 2) =
∑′
m,n∈Z
(
1
(m2 + 12n2)2
− 1
(3m2 + 4n2)2
)
(see [25, Lem. 2.6]). 
4. Arithmetic of K3 surfaces
For additional details omitted from this section, the reader may consult [4, §2] and [28].
Recall that a smooth projective surface X is called a K3 surface if H1(X,OX) = 0 and
the canonical bundle of X is trivial. Hence every K3 surface admits a holomorphic 2-form,
unique up to scalar multiplication. Also, one has that H2(X,Z) is a free abelian group of
rank 22 and can be decomposed into H2(X,Z) ∼= NS(X)⊕ T(X), where NS(X), called the
Ne´ron-Severi group, is the group of algebraic equivalence classes of divisors on X , and T (X),
the transcendental lattice, is the orthogonal complement of NS(X) in H2(X,Z). The rank of
NS(X), denoted by ρ(X), is called the Picard number of X . Over any field of characteristic
zero, we have 1 ≤ ρ(X) ≤ 20, and X is said to be singular if ρ(X) = 20. Let {γ1, γ2, . . . , γ22}
be a basis for H2(X,Z), and let ω be a nowhere-vanishing holomorphic 2-form on X . Then
the integral ∫
γi
ω
is called a period of X , which vanishes if and only if γi ∈ NS(X). We shall denote by Xs, Ys,
and Zs the projective hypersurfaces corresponding to the one-parameter families As, Bs, and
Cs, respectively. The family Zs is sometimes called the Dwork family and is known to be
K3 surfaces (see; e.g., [10]). To see that, for all but finitely many s, Xs is a K3 surface, it
suffices to show that it is birational to an elliptic surface which has a minimal Weierstrass
form
y2 = x3 + A4(z)x+ A6(z),
where A4(z), A6(z) ∈ Z[s, z] with deg(Ai) ≤ 2i for all i and deg(Ai) > i for some i [29, §4].
Indeed, one can manipulate this using Maple and find that
A4(z) = −768
(
z2 + 1
)4
+ 48sz2
(
z2 + 1
)2 − 3s2z4,
A6(z) = 8192
(
z2 + 1
)6 − 768sz2 (z2 + 1)4 − 48s2z4 (z2 + 1)2 + 2s3z6.
Since A4(z) and A6(z) satisfy the conditions above, it follows that Xs is generically a family
of K3 surfaces. Also, using the Weierstrass model above, we have that Xs is defined over Q
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if s ∈ Q. Letting s = 1/µ, we have that a period of Xs(µ) is
u0(µ) :=
1
(2πi)3
∫
T3
1
1− µ1/2 (x+ x−1) (y + y−1) (z + z−1)
dx
x
dy
y
dz
z
=3F2
(
1
2
, 1
2
, 1
2
1, 1
; 64µ
)
.
One can observe from the definition of the Mahler measure that in this case, for s > 64,
dn2(s)
ds
= 2µ
1
2u0(µ).
Furthermore, it can be checked easily that u0 is a holomorphic solution around µ = 0 of the
third-order differential equation
µ2(64µ− 1)d
3u
dµ3
+ µ(288µ− 3)d
2u
dµ2
+ (208µ− 1)du
dµ
+ 8u = 0,
called the Picard-Fuchs equation of Xs(µ). Since the order of the Picard-Fuchs equation
equals the rank of T (X), the generic Picard number of Xs must be 19, and we have from
Morrison’s result [17, Cor. 6.4] that Xs admits a Shida-Inose structure for every nonzero s.
Roughly speaking, this means that there are isogenous elliptic curves Es and E
′
s together
with the following diagram:
Xs Es × E ′s
Km(Es × E ′s)
Here Km(Es × E ′s) is the Kummer surface for Es and E ′s, and the dashed arrows denote
rational maps of degree 2. In addition, Es is a CM elliptic curve if and only if Xs is singular.
It is known from the results due to Ahlgren, Ono, and Penniston [1] and Long [15, 16] that
u0
(− µ
64
)
is a holomorphic solution around µ = 0 of the Picard-Fuchs equation of the family
of K3 surfaces given by the equation
X˜µ : z
2 = xy(x+ 1)(y + 1)(x+ µy).
In particular, they proved that the family of elliptic curves associated to X˜µ via a Shioda-
Inose structure is
E˜µ : y
2 = (x− 1)
(
x2 − 1
1 + µ
)
.
Hence, by simple reparametrization, the family of elliptic curves
Es : y
2 = (x− 1)
(
x2 − s
s− 64
)
,
gives rise to the Shioda-Inose structure of Xs, and the j-function of Es is
j(Es) =
(s− 16)3
s
.
Recall from [30, §A.3] that if Es is defined over Q, then Es has complex multiplication if and
only if
j(Es) ∈{−6403203,−52803,−9603,−3 · 1603,−963,−323,−153,
0, 123, 203, 2 · 303, 663, 2553} =: C1.
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Furthermore, with the aid of Sage, we find that the set of the CM j-invariants in Q(
√
2) is
C1∪{41113158120± 29071392966
√
2, 26125000± 18473000
√
2, 2417472± 1707264
√
2,
3147421320000± 2225561184000
√
2} =: C2.
As a consequence, we can explicitly determine the values of s such that Es has a CM j-
invariant in C2. Some of these values are given below, together with j(Es), the discriminant
D, and the conductor f of the order of the complex multiplication.
s j(Es) D f
16 0 −3 1
256,−104± 60√3 2 · 303 −3 2
−8, 64 123 −4 1
−512, 280± 198√2 663 −4 2
1, 47±45
√−7
2
−153 −7 1
4096,−2024± 765√7 −153 −7 2
−64, 56± 40√2 203 −8 1
−1088± 768√2 2417472∓ 1707264√2 −24 1
568 + 384
√
2± 336√3± 216√6 2417472 + 1707264√2 −24 1
568± 384√2 + 336√3± 216√6 2417472− 1707264√2 −24 1
Table 2. Some values of s for which Es is CM.
For each value of s in Table 2, it turns out that n2(s) (conjecturally) equals rational linear
combinations of L-values of CM weight three newforms and those of Dirichlet characters, as
listed in Table 4. Note, however, that there are several algebraic values of s other than those
in Table 2 which yield CM elliptic curves Es, but we have not been able to determine whether
the corresponding n2(s) are related to L-values. For example, if s = 16+1600
3
√
2−1280 3√4,
then j(Es) = −3 · 1603, so Es is CM. We hypothesize from the known examples that n2(s)
should involve exactly three modular L-values, though no such conjectural formula has been
found.
Now let us consider the family Zs of quartic surfaces defined by Cs = 0. It again follows
from Long’s result [14, §5.2] that if we parameterize s by
s = s(u) := − 2
10u4
(u4 − 1)2 ,
then a family of elliptic curves Gs(u) whose j-function is given by
j(Gs(u)) =
64(3u2 + 1)3(u2 + 3)3
(u4 − 1)2(u2 − 1)2
gives rise to a Shioda-Inose structure of Zs(u). Indeed, a Weierstrass form of Gs is explicitly
determined in our forthcoming paper [26]. Thus it can be shown in a similar manner that if s
is an algebraic number in the second column of Table 6, then Zs is a singular K3 surface, and
n4(s) relates to modular and Dirichlet L-values. See below for a table containing information
analogous to that in Table 2.
What is remarkable about a singularK3 surface defined over Q is that it is always modular,
as mentioned in the introduction of this paper. Nevertheless, the modularity of singular
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K3 surfaces defined over arbitrary number fields is not known. The numerical evidences of
relationships between the three-variable Mahler measures and L-values obtained in Section 6
might give us some clues about modularity of the corresponding K3 surfaces defined over
some number fields. Nevertheless, this certainly requires further investigation. It would also
be highly desirable to find all possible Mahler measure formulas nj(s), j = 1, 2, 3 which are
expressible in terms of special L-values.
s j(Gs) D f
−144, 26856− 15300√3 2 · 303 −3 2
26856 + 15300
√
3 1417905000 + 818626500
√
3 −3 4
648, 143208− 101574√2 663 −4 2
−12288 76771008 + 44330496√3 −4 3
143208 + 101574
√
2 41113158120 + 29071392966
√
2 −4 4
81 −153 −7 1
−3969, 8292456− 3132675√7 2553 −7 2
8292456 + 3132675
√
7 137458661985000 + 51954490735875
√
7 −7 4
256, 3656− 2600√2 203 −8 1
3656 + 2600
√
2 26125000 + 18473000
√
2 −8 2
614656 188837384000 + 77092288000
√
6 −8 3
−192303±85995√5
2
37018076625∓16554983445√5
2
−15 2
−1024 632000 + 282880√5 −20 1
2304, 1207368 + 853632
√
2− 2417472 + 1707264√2 −24 1
697680
√
3− 493272√6
1207368− 853632√2− 2417472− 1707264√2 −24 1
697680
√
3 + 493272
√
6
1207368± 853632√2+ 5835036074184± 4125993565824√2+ −24 2
697680
√
3± 493272√6 3368859648336√3± 2382143496408√6
20736 212846400 + 95178240
√
5 −40 1
−82944 3448440000 + 956448000√13 −52 1
−893952± 516096√3 799200236736∓ 461418467328√3+ −84 1
302069634048
√
7∓ 174399982848√21
347648256± 141926400√6 120858928019208000± 49340450750976000√6± −168 1
32300907105600000
√
14 + 26373580212672000
√
21
Table 3. Some values of s for which Gs is CM.
5. Functional equations in the three-variable case
One has seen from [12] thatm2(t) satisfies some functional equations, which can be applied
in establishing new Mahler measure formulas as shown in Section 2. This section aims to
derive a functional equation for three-variable Mahler measures. We will show that
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Theorem 5.1. If t ∈ C\{0} and |t| is sufficiently small, then
n2
(
16
t(1− t)
)
= 9n2
(
4(1 +
√
1− t)6
t2
√
1− t
)
+ 4n2
(−210(1 +√1− t)6√1− t
t4
)
− n2
(−16(1− t)2
t
)
− 8n2
(
2(1 + 4
√
1− t)12
t(1−√1− t)3 4√1− t
)
.
Proof. The proof requires some preliminary results from [21, Thm. 2.3] and Ramanujan’s
theory of elliptic functions. Following notations in [21], we let
G(q) := Re
(
− log(q) + 240
∞∑
n=1
n2 log(1− qn)
)
, χ(q) :=
∞∏
n=0
(
1 + q2n+1
)
.
Recall from Rogers’ result that if |q| is sufficiently small, then the following matrix equation
holds: 
 G(q)G(−q)
G(q2)

 =

−19 −4 12−4 −19 12
−3 −3 4



 n2(s2(q))n2(s2(−q))
2n2 (s2 (q
2))− n2 (s2 (−q2))

 .
Expressing G(q2) in two different ways, one finds that
(5.2) n2(s2(q)) = 9n2
(
s2
(
q2
))
+ 4n2
(
s2
(−q4))− n2(s2(−q))− 8n2 (s2 (q4)) .
Now let
z2(t) = 2F1
(
1
2
, 1
2
1
; t
)
, y2(t) =
πz2(1− t)
z2(t)
, q2(t) = e
−y2.
Note that q2(t) defined above is sometimes called the signature 2 elliptic nome. It is known
from [2, §17] that the following identities hold:
χ(q2) = 2
1/6
(
q2
t(1− t)
)1/24
, χ(−q2) = 21/6(1− t)1/12
(q2
t
)1/24
,
χ(−q22) = 21/3(1− t)1/24
(q2
t
)1/12
.
Moreover, we can deduce formulas for χ(q22), χ(q
4
2), and χ(−q42) from the identities above
using a process called obtaining a formula by duplication; that is, if we have Ω(t, q2, z2) = 0,
then
Ω
((
1−√1− t
1 +
√
1 + t
)2
, q22,
z2(1 +
√
1− t)
2
)
= 0.
Therefore, by some manipulation, we find that
χ24(q22) =
4(1 +
√
1− t)6
t2
√
1− t q
2
2, χ
24(q42) =
2(1 + 4
√
1− t)12
t(1 −√1− t)3 4√1− tq
4
2,
χ24(−q42) =
210(1 +
√
1− t)6√1− t
t4
q42.
The theorem then follows immediately from these identities and (5.2). 
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As an application of Theorem 5.1, we can deduce a five-term relation
n2(64) = 9n2
(
280 + 198
√
2
)
+ 4n2
(
−143360− 101376
√
2
)
− n2(−8)− 8n2
(
71704 + 50688
√
2 + 60282
4
√
2 + 42633
4
√
8
)
by letting t = 1/2. It would be interesting to see if each term in the equation above is
related to special L-values. It turns out that only a partial answer can be given here.
First, it was rigorously proved in [25, Thm. 1.2] that n2(64) = 8L
′(g16, 0), where g16(τ) =
η6(4τ) ∈ S3(Γ0(16), χ−4). Then, using the hypergeometric representation of n2(s) given in
[21, Prop. 2.2], we are able to verify numerically that the following formulas hold:
n2(−8) ?= 4L′(g16, 0) + L′(χ−4,−1),
n2
(
280 + 198
√
2
)
?
=
1
8
(36L′(g16, 0) + 4L
′(g64, 0) + 13L
′(χ−4,−1) + 4L′(χ−8,−1)),
where g64(τ) is the normalized newform of weight 3 and level 64 with rational Fourier coeffi-
cients. Nevertheless, no similar evidence for the remaining two terms has been found. From
the previous examples and numerical observations exhibited at the end of this paper, it is
not unreasonable to conjecture that
n2
(−143360− 101376√2) and n2 (71704 + 50688√2 + 60282 4√2 + 42633 4√8)
involve two and four modular L-values, respectively, corresponding to weight 3 newforms of
higher level. However, we are still unable to find the L-values of the newforms that are likely
to be our possible candidates.
It is also possible to obtain a functional equation for n4(s) defined in Section 3 using
similar arguments above. Again, we see from [21] that for |q| sufficiently small
 G(q)G(−q)
G(q2)

 =

−5 −2 4−2 −5 4
−1 −1 2



 n4(s4(q))n4(s4(−q))
n4(s4(q
2))

 .
Hence we find that
n4(s4(q)) = 7n4
(
s4
(
q2
))
+ 2n4
(
s4
(−q2))− n4(s4(−q))− 4n4 (s4 (q4)) .
To express s4(q), s4(−q), s4(q2), s4(−q2), and s4(q4) in terms of algebraic functions of some
parameter we need the Ramanujan’s theory of signature 4. (See [3] for references.) However,
the results we found are quite complicated because of multiple radical terms, so we do not
include them here.
6. Conjectural formulas of three-variable Mahler measures
We end this paper by tabulating all three-variable Mahler measure formulas that we found
from numerical computations. The references to the proved formulas are given in the last
column of each table. In Table 4-6, we use the following shorthand notations:
dk := L
′(χ−k,−1), MN := L′(gN , 0), MN⊗D := L′(gN ⊗ χD, 0),
where gN is a normalized newform with rational Fourier coefficients in S3(Γ0(N), χ−N), and
gN ⊗ χD is the quadratic twist of gN by χD. If there are more than one such newforms, we
